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Some terminology
« Anaytic function f(s)=c,+c(s—5)+C(S—§)°+--
e Meromorphic function

 Open strip (a, b)
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Mellin transform

M[ f(X);s]= f (s) :T f (X)x* dx

f(X)=0(x") x—0 i

f(X)=0(x") X—+o —u)

|
fundamental strip
f(s) existsin the strip (—u, —Vv)
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Mellin transform example

f (X) _ 1 fundamental Strlp )
1+ X u=0 v=-1
1 Ol x—0 (-u,-v)=(0,1
1+ X )
1 i .
——=0(X") X—>+w o
1+ X : :
+00 s—1 D; ;1
£(9)= [ —dx=—" ]
1+ X SIN7zS s

0
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Gamma function

f(x)=€e™*

e" =01 x—0

e*=0(x")Vb>0 X— +w

f(9)= [ e*x'dx=T(s)  S[(s)=T(s+)
0] A,

fundamental strip :

u=0 Vv=—- Di
(—U, —V) = (0, +00) i

|
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Transform of step function

0, Xe [O,l] H(“‘;i_
\1, X € (1, +oo) '
H(X)=O() X—>0

H(X)=O(x®) Vb>0 X—+©

H(X) =<

Sh

0 1

+00 1
H (X) = _[ H(x)xs‘ldx:jxs‘ldx:é, s (0, +o0o)
0 0

H(x) =1-H(x), H (x)= —é, Se (—o,0)
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Basic properties (1/2)

f (X) f () (a, )

X" f(X) f*(s+v) (aa—v,B—-V)

f(x°) %f@ (pa,pB)  p>0
f(1/%) —f"(=s) (~B,-a)

f (u) ﬂi £(9 (@, B) 14> 0

> ASwX) (X, Au) ()
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Basic properties (2/2)

f(X) f'(s) (a,B)
f (X)log x if*(s) {a, B)
ds
Of (x) —sf () (a', B O = xi
0)4
d

— f(X) —(s=1)f'(s-1) {(a'+1p5+1
04

[ f @t —é £ (s+1)
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Zeta function

MY A ()is|=(2, A®) £7(9)

e—X
g(x) = —e*+e+e ¥ +..

1-e”
A=L m=k f(x)=€"

g*(s):(llS + 213 +;+---jM e%s|=4(9r(s)

S e (1,+o0)
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Some Mellin tranforms

e’ I'(s) (0, +o0)
e -1 r(s) (~1,0)
e* il ($s) (0, +o0)
S Ore @)
—e
L 7 (0.1
1+ X Sinzs
log(1+ X) z (-1,0)
ssinzs
H(X) = 10<x<1 % <O’ +OO>
x“ (log x)* H(X) (_1)kt!l (—at,+0) k el
(s+a)™
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Inversion

Theorem 1

Let f (X) be integrable with fundamential strip {«, 5).

Let « <c< g andf (c+it) isintegrable, then the equality
LT (9xds= f(X) A
27|

holds almost everywhere.

C—ioo
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Laurent expansion

#(9)=3 ¢ (s-3)"

k>—r -7 T

‘ \

C. =0 A N l
. o

Pole of order r if r>0 L,E S0,

s
Analyticins, if r <0 S

Example:
1 1

(51 1) = S+1+ 2+3(s+D)+--- (55=-D1

1 1 1

T 14 ~0
s°(s+1) ¢ . (%=0)
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Singular element
Definition 1

A singular element of ¢(s) at s, Isan initial sum of
Laurent expansion truncated at terms of O(1) or smaller :
1 1 1 1

9(s) = = T4l = —— 4 243(S+D) +---

s(s+) _, S s .S+l

se ats,=0: L—lz—ﬂ I:iz—l+l:|,...

seas=-1: [i} [i+2}, L%l+2+3(s+1)]...
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Singular expansion

Definition 2
Let #(s) be meromorfic in Q with ¢ including al
the poles of ¢(s) In Q. A singular expansion of ¢(s)

In Q isaformal sum of singular elements of ¢(s) at

al pointsof o
Notation: ¢(s) < E (s Q)

- L x[i} J{%—}} J{l} se(-2,2)
s(s+1) |[s+1l]._, |S S|, L2l
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Singular expansion of gamma

function
sl'(s) =T'(s+1)

B ['(s+m+1)
S(s+1)(s+2)---(s+m)
ThusI'(s) has poles at the pointss=-mwith me (]

I'(s)C S
m! s+m

= (k1 2 10

poles of gamma function
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Direct mapping (1/3)

Theorem 2

Let f (X) have atransform f " (s) with nonempty fundamental

strip {«, f).
f(X)= > c. x(logx)*+0O(x) x—0
(&,k)eA

kell, —y<-¢(<a
Then f " (s) is continuable to a meromorphic function in the
strip (—y, ) where it admits the singular expansion
: 1)*k!
(9= ¥ Cuiga (£(7.6)

(&,K)eA
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Direct mapping (2/3)

f(X) f(s)
Order at 0: O(x ) Leftmost boundary of f.s. at R(S) =
Order at +oo: O(x") Rightmost boundary of f.s. at R(s) = S

Expansiontill O(x”) aa0  Meromorphic continuation till R(s) > —y
Expansion till O(x°) at +c0  Meromorphic continuation till R(s) < -6

f.s.
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Direct mapping (3/3)

f(X) f'(s)

R ) . (D k!
Temx®(logx)" aa0  Polewiths.e. —
(s+a)""
“N¥k!
Term x?(logx)* at +o Polewith se. — =) I:+'1
S+ a)
Termx® a 0 Pole with s.e. 1
S+a
Term x*logx at O Polewith s.e. — >
(s+a)
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Example O

_ X" X M (-1 Mol
f(X)z=e*=1-X+———+.-. = E X' +O(x""
() 2' 3' x—>0j:o JI ( )

f (s)=T(s), se(0,+x)
f*(s) is meromorphically continuableto (—M —1, +0)

A M (—1)j 1
f = E —M =1 +o0
(s) 2 T Se/( 1, +00)

< _1J 1 - . . ’
re=3 k1 sen

poles of gamma function
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Example 1
(0= (=T se(ln)

I B . )
1—e_x x—0j=_1 (J +1)|

2..
+00 B " 1
(1)J 1
I'(s) < JZO T sell
1 Bm+1
g(S)A;L sell, 4(0)——5, 5(_m):_m+1

result: £(s) Ismeromorphicinl] withtheonly poleat 5, =1
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Example 2

1 +00
f(x)=— = ~1)"x" T
(X) X nz_c:)( ) E E
+00 | |
UX Sy -
1+1/X  x5iw n=1 * »* {]T llul . .
£ (8)=—2—, se(0,1) .
SNzX :£SJ

f (s)= Z (_1)n’ S e (—0,1) (continuation to the left of thef.s.)

o0 n-1
f (s)=— =D , Se{(0,+00) (continuation to the right of thef.s.)
n

()= —= xz(_l)n (sell)

SN7ZX & S+n
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Example 3 (nonexplicit
transform)

f(X) = 1 1 1 Ly EX6+ 473 O(x*®) x—0
\Jcosh x 4 96 5760 645120

f*(s) has afundamental strip (0,+)

1 1 1 7 1 139 1 5473 1
fr(s)=<=-= S e (—10,+o0)
S 4s+ 2 06 s+ 4 5760 s+ 6 645120 s+ 8

ol il 71 13 1 5478 1 o o

S 4s+2 96s+4 5760s+6 6451203+8
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Converse mapping (1/3)

Theorem 3
Let f (X) € C(0,+0) have atransformf” (s) with nonempty fundamental
qrip (e, f).
Let f7(S) be meromorphicaly continuableto (—y, B) with afinite
number of polesthere, and be andytic on SR(s) =—y.

Let £(9)=0(|f") withr >1when g+ in (-7, 3).
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Converse mapping (2/3)

Theorem 3 (continue)

FEM= Y e se(-7p)

(£ K)eA (s— &)
kell, —y<-£<p
Then an asymptotic expansion of f (x) at 0 1s

f(x)= Y dgﬁk[(‘l); xf(logx)“)+0(xy)

(&,k)eA
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Converse mapping (3/3)

f(s) f(x)
Poleat & Term in asymptotic expansion = X *
left of f.s. expansion at 0
right of f.s expansion at +oo !
Simple pole I
eft: ié X a0 g
S_ 1
L f.s.1
right: —— —X* at +oo :
S—¢ |
Multiple pole Logarifmic factor :
VK ol )
| eft: 1 — ﬂx“f(logx)k ao
(s-2)" K 'fs.
- (-D* . ’
right: ———Xx°(logx)" at +
ght: X “(logx)* at +oc

27 Joint Advanced Student School 2004



28

Example 4

#(S) = LET(v—s) . analyticin strip (O, v)
['(v)
(D' Tv+j-D) 1 o
f(X) = i_v f Ioo¢(s)x“’°‘ds - original function
272-' v/I2—io

f(X) = ,Z; (—j1!)1 F(V;( Vj)‘l) x' +O(MY?3) x>0

f(x) =(1+ X)™" hasthe same expansion at 0
f(X)=0+X)" +@(X), where (X)) =O(x") VM >0
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Example 5

JC
SIN7zS

+00 ) 1 .
¢(5)An§0(—1) n!a se(—x0,1)

#(s)=T(1-9) se(0,1

f(X)0 > (-D"n!x" - the expansion is only asymptotic!
n=0
M
( f(X)=> (-D)"n!Ix"+O(x"*¥?) x— Oj
n=0

400 e_t
Infact f (X) = dt j
( £1+ﬂ
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Harmonic sums
Definition 3
G(X) = Z/Ij g(x,X) harmonic sum

A amplitudes

M. frequencies
A(S) =D A ° The Dirichlet series
j
M [g(ux);s|= g’ (s) (separation property)
G (s)=A(9)g (9)
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Harmonic sum formula

The Mdlin transform of the harmonic sum
G(X) = > 4,9(xX) isdefined in the intersection
k

of the the fundamental strip of g(x) and the
domain of absolute convergence of the Dirichlet

series A(S) = ) A, (whichis of the form
k

I
‘R(s) > o, for somered o)

G (s)=A(s)g (s)
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Example 6

21 x/k 1 1
)= Z[k k+x} 2ok e AT 9
. M
h(n)=H, —1+1+1+ +l : :
2 3 n : :
A =D At = LK =-9) 1 6
W (9 =ASF () =—C(1-9—— se(-10) | |
SINxTS I I
L=yt (A-9=— 47
' (9) = [———} 2( Y se(-1m)
1 1

(— ) B, 1
H_ [ logn+ +§ Dlo N+ v + — + +
an+y &~ Kk n an+7z 2n 12n 120n*
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Example 7
I(x):IogF(x+1)—7/x:f{%—log(l+§ﬂ Se< -2 4w >
h=1 ==, 909 =x-logL+

NCEWHRED WS

N X T Simple poles in positive integers
() = A(5)g (8) =—C(-9) SSNzs’ se{-2-D Doupble?aolesin%and—l >

|*(s){ 11 7/}{ 1 _|og@}+i(_1)n1§(_n)

(s+1)? (s+ 1) 25° S ~  n(s+n)

1
2n(2n 1) x>

| (X) =log(x!) — yx = xlogx— (1— 7)X——|09X+|09\/7+Z

1
2n(2n 1) x>

log(x!) = Iog(x e XF)+Z
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Example 8
(polylogarithm Li,(2) = >~ z'n™) w=kel

+00 A NX

L =2

1 x
A, :W’ Ho=n, g(x)=¢€

A(S)=<¢(s+K), L, (S)=<(s+K)I(s) se(l,+x)

* Sk-m) 1 (D1 L=
L, (s) < ;}( 1) n  s+n (k ]_)I{(sq-k 1)* +S+k—1

nzk-1

S € (—00,+00)

(D" e n§(k n) o
L(x)_(k 1)|X [-logx+H, ]+ Z( 1)

Lm(x>=f+2< 1)n4<1 ) o

Joint Advanced Student School 2004
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Example 9

modified theta function

+00 e—an2 1 _X2
®W(X):Z w ! ﬂ“n R Hy, =N, g(X):e
. n

B, (s) = %F(gj {(s+1) se(0,+w)

double pole at s=0 and simple polesat s=—-2m

0, (s) = 12+7/ g 1 sel]
s 2s| 12s+2 240s+4
®1(x):—Iogx+1+ix2+ix4+--- X—0
2 12 240

1Jr 1
X

0, () :%F(gjg“(s) CH :E——§+O(XM) X—0
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D(x) =3 d(K)e

Example 10

* A=dK), =k g(x)=¢€"

A=Y A =3 S _ (g
D' (8) = [(8)¢*(S)

o K

D*(S)x{ L

D(X) = ( Iogx+7/)+——z

- } [1} Zg(zk ) 1
(s-1)° s-1 45| =% 2k+1' s+2k+1

1 < é/ ( 2k 1) X2k+1

< (2k+1)!
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The end
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