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Some terminology

• Analytic function

• Meromorphic function

• Open strip
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Mellin transform
* 1

0

[ ( ); ] ( ) ( ) sM f x s f s f x x dx
∞

−= = ∫
u( ) O( ) 0f x x x= →
v( ) O( )f x x x= → +∞

*( ) exists in the strip ,f s u v〈− − 〉

fundamental strip
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Mellin transform example
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Gamma function
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Transform of step function
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Basic properties (1/2)

( )

*

*

*

*

*

*

( ) ( ) ,
( ) ( ) ,

1( ) , 0

(1/ ) ( ) ,
1( ) ( ) , 0

( ) ( )

s

s
k k kk k

f x f s
x f x f s

sf x f

f x f s

f x f s

f x f s

ν

ρ

α β
ν α ν β ν

ρα ρβ ρ
ρ ρ

β α

µ α β µ
µ

λ µ λ µ−

〈 〉
+ 〈 − − 〉

⎛ ⎞
〈 〉 >⎜ ⎟

⎝ ⎠
− − 〈− − 〉

〈 〉 >

∑ ∑
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Basic properties (2/2)
*

*

*

*

*

0

( ) ( ) ,

( ) log ( ) ,

( ) ( ) ,

( ) ( 1) ( 1) 1, 1

1( ) ( 1)
x

f x f s
df x x f s
ds

df x sf s x
dx

d f x s f s
dx

f t dt f s
s

α β

α β

α β

α β

〈 〉

〈 〉

′ ′Θ − 〈 〉 Θ =

′ ′− − − 〈 + + 〉

− +∫
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Zeta function

( ) *
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( ) ...
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s
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Some Mellin tranforms

( )2 1 1
2 2
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Inversion

Theorem 1

*

i
*

i

Let ( ) be integrable with fundamential strip , .
Let  and ( i ) is integrable, then the equality

1 ( ) ( )
2 i
holds almost everywhere.

c
s

c

f x
c f c t

f s x ds f x
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+ ∞
−
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〈 〉

< < +
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Laurent expansion

0

0

02

02 2

( ) ( )

0
Pole of order  if r>0
Analytic in  if 0
Example :

1 1 2 3( 1) ( 1)
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1 1 1 1 ( 0)

( 1)

k
k

k r

r
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Singular element
Definition 1

0

2 2
0 1

0 2 2

A singular element of ( ) at  is an initial sum of
Laurent expansion truncated at terms of O(1) or smaller :

1 1 1 1( ) 1 2 3( 1)
( 1) 1

1 1 1 1s.e. at =0 : , 1

s s

s s

s s
s s s s s

s
s s s s
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φ
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0
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1 1 1s.e. at = 1 : , 2 , 2 3( 1) ,
1 1 1

s s
s s s
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K
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Singular expansion
Definition 2

2

Let ( ) be meromorfic in  with  including all 
the poles of ( ) in . A singular expansion of ( )
in  is a formal sum of singular elements of ( ) at
all points of 
Notation : ( ) ( )

1 1
( 1)

s
s s

s

s E s

s s

φ
φ φ

φ

φ

Ω ℘
Ω

Ω
℘

∈Ω

+

^

^ 2
1 0 1

1 1 1 2,2
1 2s s s

s
s s s=− = =

⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ − + ∈〈− 〉⎢ ⎥ ⎢ ⎥ ⎢ ⎥+⎣ ⎦ ⎣ ⎦ ⎣ ⎦
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Singular expansion of gamma 
function

0

( ) ( 1)
( 1)( )

( 1)( 2) ( )
Thus ( ) has poles at the points  with 

( 1) 1( )
!
( 1) 1( )

!

m

k

k

s s s
s ms

s s s s m
s s m m

s
m s m

s s
k s k

+∞

=

Γ = Γ +
Γ + +

Γ =
+ + +

Γ = − ∈

−
Γ
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−

Γ ∈
+∑

L

�

�

�^

poles of gamma function
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Direct mapping (1/3)
Theorem 2

*

( )

*

Let ( ) have a transform ( ) with nonempty fundamental
strip .

( ) (log ) O( ) 0

,
Then ( ) is continuable to a meromorphic function in the
strip  where it admi

k
k

k A

f x f s

f x c x x x x

k
f s

ξ γ
ξ

ξ

α β

γ ξ α

γ β

+
,

, ∈

〈 , 〉

= + →

∈ − < − ≤

〈− , 〉

∑
�

*
1

( )

ts the singular expansion
( 1) !( ) ( )

( )

k

k k
k A

kf s c s
sξ

ξ

γ β
ξ, +

, ∈

−
∈〈− , 〉

+∑^
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Direct mapping (2/3)
*( ) ( )

Order at 0: O( ) Leftmost boundary of f.s. at ( )
Order at + : O( ) Rightmost boundary of f.s. at ( )
Expansion till O( ) at 0 Meromorphic continuation till ( )
Expansion till O( ) 

f x f s
x s

x s
x s
x

α

β

γ

δ

α
β
γ

−

−

ℜ =
∞ ℜ =

ℜ ≥ −
at + Meromorphic continuation till ( )s δ∞ ℜ ≤ −
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Direct mapping (3/3)
*

1

1

2

( ) ( )
( 1) !Term ( log )  at 0 Pole with s.e. 

( )
( 1) !Term ( log )  at + Pole with s.e. 

( )
1Term  at 0 Pole with s.e. 

1Term log  at 0 Pole with s.e. 
( )

k
a k

k

k
a k

k

a

a

f x f s
kx x

s a
kx x

s a

x
s a

x x
s a

+

+

−
+

−
∞ −

+

+

−
+
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Example 0

( )
2 3

1

0 0

*

*

M
*

0

0

( 1)( ) 1 O
2! 3! !

( ) ( ), 0,
( ) is meromorphically continuable to 1,

( 1) 1( ) 1,
!
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( 1) 1( )

!

jM
x j M

x j

j

j

j

j

x xf x e x x x
j

f s s s
f s M

f s s M
j s j

s s
j s j

− +

→ =

=

+∞

=

−
= = − + − + = +
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〈− − +∞〉

−
∈〈− − +∞〉

+

−
Γ ∈

+

∑

∑

∑

L

�

^

^

poles of gamma function
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Example 1
*

1 0 1
0 1

1

1

0

1

( ) , ( ) ( ) ( ) 1,
1

1, 1, ,
1 ( 1)! 2

1( ) ( )
( 1)!

( 1) 1( )
!

1 1( ) , , )
1 2 1

result: ) is meromorph

x

x
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x j

j

j

j

j

m

ef x f s s s s
e

e xB B B
e j

B
s s s

j s j

s s
j s j

Bs s m
s m

s

ζ

ζ

ζ ζ ζ

ζ

−

−

− +∞

+−
→ =−

+∞
+

=−

+∞

=

+

= = Γ ∈〈 +∞〉
−

= = = −
− +

Γ ∈
+ +

−
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+

∈ (0) = − (− = −
− +
(

∑

∑

∑

L

�

�

�

^

^

^

0ic in  with the only pole at 1s =�

Joint Advanced Student School 200422



0 0

1

1

*

*

0

1
*

1

1( ) ( 1)
1

1/ ( 1)
1 1/

( ) , 0,1
sin

( 1)( ) , ,1  (continuation to the left of the f.s.)

( 1)( ) , 0,  (continuation to the ri

n n

x n

n n

x n

n

n

n

n

f x x
x

x x
x

f s s
x

f s s
s n

f s s
s n

π
π

+

+∞

→ =

+∞
− −

→+∞ =

+∞

=

−+∞

=

= = −
+

= −
+

= ∈〈 〉

−
∈〈−∞ 〉

+

−
− ∈〈 +∞〉

−

∑

∑

∑

∑

^

^

*

ght of the f.s.)

( 1)( ) ( )
sin

n

n
f s s

x s n
π
π ∈

−
≡ ∈

+∑
�

�^

Example 2
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Example 3 (nonexplicit 
transform)

2 4 6 8 10

*

*

*

1 1 7 139 5473( ) 1 O( ) 0
4 96 5760 645120cosh

( ) has a fundamental strip 0,
1 1 1 7 1 139 1 5473 1( ) 10,

4 2 96 4 5760 6 645120 8
1 1 1 7 1 139 1 5473 1( )

4 2 96 4 5760 6 645120

f x x x x x x x
x

f s

f s s
s s s s s

f s
s s s s

= = − + − + + →

〈 +∞〉

− + − + ∈〈− +∞〉
+ + + +

− + − +
+ + +

^

^
8

s
s

+ ∈
+

L �
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Converse mapping (1/3)
Theorem 3

*

*

*

Let ( ) C(0, ) have a transform ( ) with nonempty fundamental
strip .
Let ( ) be meromorphically continuable to  with a finite
number of poles there, and be analytic on ( ) .

Let  (

f x f s

f s
s

f s

α β

γ β
γ

∈ +∞
〈 , 〉

〈− , 〉
ℜ = −

( )) O  with 1 when  in .rs r s γ β−= > →+∞ 〈− , 〉

L
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Converse mapping (2/3)
Theorem 3 (continue)

*

( )

1
1

( )

1If   ( )
( )

,
Then an asymptotic expansion of ( ) at 0 is

( 1)( ) (log ) O( )
( 1)!

k k
k A

k
k

k
k A

f x d s
s

k
f x

f x d x x x
k

ξ
ξ

ξ γ
ξ

ξ

γ β
ξ

γ ξ β

,
, ∈

−
− −

,
, ∈

∈〈− , 〉
−

∈ − < − ≤

⎛ ⎞−
= +⎜ ⎟−⎝ ⎠

∑

∑

L

�

^
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Converse mapping (3/3)
*( ) ( )

Pole at Term in asymptotic expansion 
   left of f.s.    expansion at 0
   right of f.s    expansion at +
Simple pole

1   left:     at 0

1   right:     at +

Multiple pole Logarifmi

f s f x
x

x
s

x
s

ξ

ξ

ξ

ξ

ξ

ξ

−

−

−

≈

∞

−

− ∞
−

1

1

c factor
1 ( 1)   left:    (log )  at 0

( ) !
1 ( 1)   right:    (log )  at +

( ) !

k
k

k

k
k

k

x x
s k

x x
s k

ξ

ξ

ξ

ξ

−
+

−
+

−
−

−
− ∞

−
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Example 4

0

/ 2 i

/ 2 i

1 2

0

( ) )) ,  analytic in strip 0,

( 1) ( 1) 1) ,
! ( )

1( ) ( )  - original function
2 i

( 1) ( 1)( ) O( ) 0
! ( )

( ) (1 )  has the

j

j

s

jM
j M

j

s ss

js s
j s j

f x s x ds

jf x x x x
j

f x x

ν

ν

ν

νφ ν
ν

νφ ν
ν

φ
π

ν
ν

+∞

=

+ ∞
−

− ∞

+

=

−

Γ Γ( −
( = 〈 〉

Γ( )

− Γ + −
( ∈〈−∞ 〉

Γ +

=

− Γ + −
= + →

Γ

= +

∑

∫

∑

^

 same expansion at 0
( ) (1 ) ( ),  where ( ) O( ) 0Mf x x x x x Mν ϖ ϖ−= + + = ∀ >
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Example 5

0

0

1 2

0

0

( ) (1 ) 0,1
sin

1( ) ( 1) ! ,1

( ) ( 1) !  - the expansion is only asymptotic!

( ) ( 1) ! O( ) 0

In fact ( )
1

n

n

n n

n

M
n n M

n

t

s s s
s

s n s
s n

f x n x

f x n x x x

ef x dt
xt

πφ
π

φ
+∞

=

+∞

=

+

=

+∞ −

= Γ − ∈〈 〉

− ∈〈−∞ 〉
+

−

⎛ ⎞= − + →⎜ ⎟
⎝ ⎠
⎛ ⎞

=⎜ ⎟+⎝ ⎠

∑

∑

∑

∫

�

^
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Harmonic sums
Definition 3

[ ] *

* *

( ) ( ) harmonic sum

amplitudes

frequencies

) The Dirichlet series

( ); ( )

( ) ( ) ( )

j k
j

j

j

s
j j

j

s

G x g x

s

M g x s g s

G s s g s

λ µ

λ

µ

λ µ

µ µ

−

−

=

Λ( =

=

= Λ

∑

∑
(separation property)
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Harmonic sum formula

k

The Mellin transform of the harmonic sum
( ) ( ) is defined in the intersection

of the the fundamental strip of g( ) and the
domain of absolute convergence of the Dirichlet
series ( )  (w

k k
k

s
k k

G x g x

x

s

λ µ

λ µ −

=

Λ =

∑

∑

* *

hich is of the form

( )  for some real )

( ) ) ( )
a as

G s s g s

σ σℜ >

= Λ(
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Example 6
1 1

1

1 1

* *

*
2

1 1 1 / 1 1( ) , , , ( )
1 / 1

1 1 1( ) 1
2 3

( ) (1 )

( ) ( ) ( ) ) 1,0
sin

1 1( ) , (1 )
1

1( )

k k
k k

n

s s
k k

k k

x k xh x g x
k k x k x k k k x

h n H
n

s k s

h s s g s s s
s

s s
s s

h s
s s

λ µ

λ µ ζ

πζ
π

ζ γ ζ γ

γ

+∞ +∞

= =

+∞ +∞
− − +

= =

⎡ ⎤= − = = = =⎢ ⎥+ + +⎣ ⎦

= = + + + +

Λ = = = −

= Λ = − (1− ∈〈− 〉

= + + − = − +
−
⎡ ⎤−⎢ ⎥⎣ ⎦

∑ ∑

∑ ∑

L

L

^
1

4
1

1 )( 1) 1,

( 1) 1 1 1 1log log
2 12 120

k

k

k
k

n k
k

k s
s k

BH n n
k n n n n

ζ

γ γ

+∞

=

≥

( −
− − ∈〈− +∞〉

−

−
+ + + + − + +

∑

∑� � L
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Example 7

1

1 1

* *

*
2 2

( ) log 1) log 1 2,

11, , ( ) log(1 )

) )

( ) ) ( ) ) , 2, 1
sin

1 1 1 log 2 (( )
( 1) 1) 2

n

n n

s s
k k

n n

x xl x x x s
n n

g x x x
n

s n s

l s s g s s s
s s

l s
s s s s

γ

λ µ

λ µ ζ

πζ
π

γ π

+∞

=

+∞ +∞
−

= =

⎡ ⎤⎛ ⎞= Γ( + − = − + ∈< − +∞ >⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

= = = − +

Λ( = = = (−

= Λ( = − (− ∈〈− − 〉

⎡ ⎤⎡ ⎤−
+ + − +⎢ ⎥⎢ ⎥+ ( +⎣ ⎦ ⎣ ⎦

∑

∑ ∑

^

( )

1

1

2
2 1

1

2
2 1

1

1) )
( )

1 1( ) log( !) log (1 log log 2
2 2 (2 1)

1log( !) log 2
2 (2 1)

n

n

n
n

n

x x n
n

n

n
n s n

Bl x x x x x x x
n n x

Bx x e x
n n x

ζ

γ γ π

π

−+∞

=

+∞

−
=

+∞
−

−
=

− (−
+

= − = − − ) − + +
−

= +
−

∑

∑

∑

Simple poles in positive integers
Double poles in 0 and -1
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Example 8
1

1

*

1
* 1

2
0

1

( )     (polylogarithm ( ) )

1 , , ( )

) ( ), ( ) ( ) ) 1,

) 1 ( 1) 1( ) ( 1)
! ( 1)! ( 1) 1

        

nx
n w

w ww n
n

x
n kw

k

k
n k

k
n

n k

eL x Li z z n w k
n

n g x e
n

s s k L s s k s s

k n HL s
n s n k s k s k

λ µ

ζ ζ

ζ

−+∞
+∞ −
=

=

−

−+∞
−

=
≠ −

= = = ∈

= = =

Λ( = + = + Γ( ∈〈 +∞〉

⎡ ⎤( − −
− + +⎢ ⎥+ − + − + −⎣ ⎦

∑ ∑

∑

�

^

1
1

1
0

1

1
2

1 2
0

      ,
( 1) )( ) [ log ] ( 1)
( 1)! !

( )
( ) ( 1)

!

k
k n n

k k
n

n k

n n

n

s
k nL x x x H x

k n

n
L x x

x n

ζ

ζπ

− +∞
−

−
=
≠ −

+∞

=

∈〈−∞ +∞〉

− ( −
= − + + −

−

−
= + −

∑

∑
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Example 9
modified theta function

2 2
2

1

*
1

*
1 2

2 4
1

*
0
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Example 10
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The end
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